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ABSTRACT

IMlustrative examples show that line source electrode interactions with a
cylindrical anomaly can serve as an adequate qualitative model for point
source electrode interactions with cylindrical and spherical anomalies.
Subject to certain restrictions, the quantitative results for point and line
source interactions with cylindrical anomalies can even be approximately the
same. This is of benefit, due to the simplicity of the line source
mathematical representation, in being able to determine the utility of means

for sensing various anomalies within the ground.

1. INTRODUCTION

Electrical probing can be successfully used to detect spherical anomalies
in the ground. Theoretical work has indicated in order for the anomaly to be
detected, certain requisite conditions need to be met regarding the anomaly
resistivity contrast to the host medium and the source/measurement electrode
positions relative to the anoma]y.l'4

In other ground probing studies, an anomaly of a different shape can be
encountered. The requisite conditions pertinent to electrical probing about
other anomalies need to be determined, This study addresses the considera-
tions pertinent to a cylindrical anomaly.

It will be shown that the probing results for cylindrical and spherical
anomalies can be roughly related to each cther. Examples of these anomalies
could include a mineral deposit, a hazardous-toxic waste leakage plume, an
abandoned tunnel or a brine pocket near a prospective nuclear waste

repository.



Some prior studies have concerned electrical detection of cylindrical

2,5-7 Certain efforts have been concerned with line source and

anomalies,
measurement electrodes located at the earth surface, A limited amount of
study has been directed towards buried source and measurement electrodes. In

/ (an experimental study)

this vein, to the author's knowledge, only one study
exists providing any results illustrating the differences between point source
and line source interactions with cylindrical anomalies. The comparisons
given in this paper are theoretical and numerica' results, rather than
experimental comparisons.

Infinitely long 1ine source and line measurement electrodes are never
used in actual field work. They are only a mathematical convenience. For the
line electrode approximation to be strictly valid, there necessarily should
be: 1) no variations in ground electrical properties along the axis parallel
to the line electrode, and 2) uniform current alnng the line electrode. The
latter constraint means that end effects due to terminating the line should
not bhe noticeable.

Field situations do not always satisfy these constraints. In additien,
using line electrodes rather than point electrodes can require more complex
field logistics. For these and other reasons, it is more common to use point
electrodes rather than line electrodes in field work.

It is recognized that the spatial variation of fields about point
electrodes is different than ahout line electrodes. Nevertheless, as others
have noted,l’6 the qualitative variation of electrical probing phenomena can
be similar for analogous line and point electrode modeling results as long

as: 1) there are primarily only two-dimensional variations in ground



electrical properties, ?2) the point source/measurement electrode locations are
positioned within a plane perpendicular to the two-dimensional ground
structure, and 3) the separation between electrode locations and the anomalous
ground features is not large. A large enough ensemhle of field situations
meet these criteria that line source modeling is worthwhile. As will be shown
below, line source and point source probing results provide useful qualitative
comparisons. In addition, if certain conditions are met, even quantitative
results for electrical Tine electrodes and point electrodes can be quite

close,

2. MATHEMATICAL MODELS
For reference purposes, the solution to Laplace's equation for a point
source electrode and a line source electrnde Tocated exterior to a right
circular cylinder anomaly. For the situation depicted in Fig. 1, the voltage

due to a point source electrode? is

V = 1?%;? + E;i;? f: mzo € cos[m(¢ - ¢S)] cos[r(z - zs)] .
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Figure 1. A right circular cylinder of radius a and conductivity 9y
(resistivity pl) is embedded in a homogeneous medium of conductivity gy
(resistivity p2). A point source electrode and a point measurement electrode
are shown. The cylindrical coordinate system is defined relative to the

center of the cylindrical anomaly.



V=—— ] 1 g, cos[m(¢ - o )] cos[r(z - z. )] .
201n o m=0
Km[xpsg Iy(3e) . %3 i
K (xa)I! (xa) - 3% 1 (xa) K!(2a)

for 0 < p < a.

In these expressions, the notation used for the right circular coordinate
system is radius p, azimuthal angle ¢ and elevation z. R denotes the distance
between the source and the measurement locations. The quantity € is
specified by €y = 1 and €n = 2 form > 1, The functions Km and Im are
respectively the cylindrical Hankel and BRessel functions. The functions
Ké and Ia are respectively the derivatives of K and I with respect to their
argument.,

For the situation shown in Fig. 2, the voltage due to a line source

electrode8 is

Jn = 0
V=Vt 2n£ 02 T 01 [n = . s— - In i + zio In — 1+ =
272 71 lp - £ 5] 2[5 - 3
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and
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Figure 2. A Tline source of electrical current of amplitude I is at

location Es = (ps, ¢s) external to a right circular anomaly of radius a. The
electrical conductivities internal and external to the cylinder are
respectively 91 and dge The measurement location E can be located internal
or external to the cylinder. An "image" source located at position

Es = (ES, ¢S), where g = a2/pS is useful in representing the field behavior,
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The definitions of the quantities » (the measurement location), 55 (the line
source location), and Es (the location of the image of the line source) are
given in Fig. 7.

The quantity V, is a constant which is independent of position., Its
value is dictated by boundary conditions. Most electrical probing involves
two source electrodes of opposite voltage, hence the superposition of the
effect due to two opposite sources is that the spatially constant potentials
due to each cancel,

Comparisons of the electrical probing response for point and line sources
exterior to a right circular cylindrical anomaly are needed to give a sound
basis for the utility of using line electrodes in models rather than point
electrodes. For convenience, it is assumed herein that both the point and
line source interactions involve source locations, measurement locations, and
cylindrical anomaly locations all remote from other electrical interfaces
(such as the ground-air interface). The above formulas are suitable for
describing such whole space interactions.

In many practical probing situations, either the source location, the
measurement location, the anomaly location, or some comhination of these may

be in close proximity to the ground-air interface or some other interface with



an electrical contrast. For such situations, image theory can be readily used
to define the appropriate whole-space problem approximating the half-space
problem. It is worth mentioning that for a line source excitation, a rigorous
solution to the half-space problem can be generated using a generalization of
Parasnis' solution for electrodes at the ground surface.5 The result would be

the appropriate formulas expressed in terms of the bipolar coordinate system.

3. NUMERICAL MODELING RESULTS

Apparent resistivity probing results are respectively shown in Figs. 3
and 4 for point and Tine source interactions with a right circular cylindrical
anomaly of conductivity oy = 0 (e.g., an air-filled tunnel), These results
represent four probe results for the source and measurement electrode
positions indicated in the figures. The source electrodes are positioned
within a borehole at x = X o The measurement electrodes are positioned within
a horehole at x = Xpo The center of the source and measurement electrodes is
varied in unison; i.e., Yo = Ypo

Note the close agreement between the corresponding apparent resistivity
results for point source (Fig. 3) and line source (Fig. 4) interactions with
this cylindrical anomaly. Figure 5 depicts the corresponding results for
point electrodes interacting with a spherical anomaly of the same radius as
the cylindrical anomaly. The qualitative comparison between the prohing
results for cylinders (Figs. 3 and 4) and for spheres (Fig. 5) is good. The
quantitative correlation is somewhat surprisingly relatively close for point
and 1ine sources interacting with a cylinder (Figs. 3 and 4). The
quantitative correlation is not, however, especially close for a cylindrical

anomaly versus a spherical anomaly.



Figure 3a. The results shown concern point electrode probing about an air-
filled cylindrical anomaly. The ratio of the apparent resistivity to the
resistivity of the host medium is plotted versus the center of the measurement
electrode array. The source and measurement electrodes (each have two) are
moved in unison with a common y position. The y offset between source
electrodes is 0.2 a as is the y offset hetween the measurement electrodes.

The source electrode array is constrained at the position x. = 1.5 a.
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Figure 3b. The results shown concern point electrode probing about an air-
filled cylindrical anomaly. The ratio of the apparent resistivity to the
resistivity of the host medium is plotted versus the center of the measurement
electrode array. The source and measurement electrodes (each have two) are
moved in unison with a common y position. The y offset between source
electrodes is 0.2 a as is the y offset between the measurement electrodes.

The source electrode array is constrained at the position xs = 2.0 a,
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Figure 3c. The results shown concern point electrode probing about an air-
filled cylindrical anomaly. The ratio of the apparent resistivity to the
resistivity of the host medium is plotted versus the center of the measurement
electrode array. The source and measurement electrodes (each have two) are
moved in unison with a common y position. The y offset between source
electrodes is 0.2 a as is the y offset between the measurement electrodes.

The source electrode array is constrained at the position x, = 2.5 a.

11
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Figure 4a. The results shown concern line electrode probing about an air-

filled cylindrical anomaly. The ratio of the apparent resistivity to the

resistivity of the host medium is plotted versus the center of the measurement

electrode array. The source and measurement electrodes (each have two) are

moved in unison with a common y position. The y offset between source

electrodes is 0.2 a as is the y offset between the measurement electrodes.

The source electrode array is constrained at the position x. = 1.5 a.

12
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Figure 4b, The results shown concern line electrode probing about an air-
filled cylindrical anomaly. The ratio of the apparent resistivity to the
resistivity of the host medium is plotted versus the center of the measurement
electrode array. The source and measurement electrodes (each have two) are
moved in unison with a common y position. The y offset between source
electrodes is 0.2 a as is the y offset between the measurement electrodes.

The source electrode array is constrained at the position xg = 2.0 a.

13
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Figure 4c. The results shown concern line electrode probing about an air-
filled cylindrical anomaly. The ratio of the apparent resistivity to the
resistivity of the host medium is plotted versus the center of the measurement
electrode array. The source and measurement electrodes (each have two) are
moved in unison with a common y position. The y offset between source
electrodes is 0.2 a as is the y offset between the measurement electrodes.

The source electrode array is constrained at the position x. = 2.5 a.

S
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Figure 5a. x_. = 1,5a,

Figure 5a. The results shown concern point electrode probing about an air-
filled spherical anomaly. The ratio of the apparent resistivity to the
resistivity of the host medium is plotted versus the center of the measurement
electrode array. The source and measurement electrodes (each have two) are
moved in unison with a common y position. The y offset between source
electrodes is 0.2 a as is the y offset between the measurement electrodes.

The source electrode array is constrained at the position x. = 1.5 a.

S
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Figure 5b. x, = 2.0a, 01/02 =0

Figure 5b. The results shown concern point electrode probing about an air-
filled spherical anomaly. The ratio of the apparent resistivity to the
resistivity of the host medium is plotted versus the center of the measurement
electrode array. The source and measurement electrodes (each have two) are
moved in unison with a common y position. The y offset between source
electrodes is 0.2 a as is the y offset between the measurement electrodes.

The source electrode array is constrained at the position x. = 2.0 a.

16
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Figure 5c. The results shown concern point electrode probing about an air-
filled spherical anomaly. The ratio of the apparent resistivity to the
resistivity of the host medium is plotted versus the center of the measurement
electrode array. The source and measurement electrodes {each have two) are
moved in unison with a common y position. The y offset between source
electrodes is 0.2 a as is the y offset between the measurement electrodes.

The source electrode array is constrained at the position Xg = 2.5 a.
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To assess the validity of the numerical results for cylindrical
anomalies, a simple scale model experiment was performed in a water tank with
a long air-filled cylindrical anomaly. Although not shown here, a comparison
of the numerical modeling and scale model results for point electrodes showed
good agreement which lends credence to the point electrode numerical modeling
procedure, The line electrode modeling is less complicated than the point
electrode modeling and was, thus, not checked via an experiment.

For future reference purposes, four probe probing results for line
sources interacting with a cylindrical anomaly are given in Figs. 6 and 7 with
conductivity contrasts 01/02 = 0,1 and 10,0. For the considerations that
follow, the authors arbitrarily define an “observable" anomaly as one that has
an apparent resistivity Py deviating by 10 percent or more from the host
medium,

A major conclusion evident from observing Figs. 3-7 is that for an
anomaly of radius a, the anomaly is not "observable" unless either the source
or observation electrodes is within a distance 3a of the center of the
anomaly. If this constraint is met, then the other set of electrodes can be,
in some cases, at distances of even up to 10a removed from the anomaly. Thus,
detection over longer distances than might be intuitively obvious is
feasible. The necessary constraint that one set of electrodes be relatively
close to the anomaly, however, places a limit on the maximum probing distance

useahle if detectability of anomalies of radius a is required.

18
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Figure 6a. The results shown concern line electrode probing about a
cylindrical anomaly. The ratio of the apparent resistivity to the resistivity
of the host medium is plotted versus the center of the measurement electrode
array. The source and measurement electrodes (each have two) are moved in
unison with a common y position. The y offset hetween source electrodes is
0.2 a as is the y offset between the measurement electrodes. The source
electrode array is constrained at the position x. = 1.5 a. These results are
for 01/02 = 10.0.
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Figure 6b. x. = 2.0a, 01/02 = 0.0

Figure 6b. The results shown concern line electrnde probing about a
cylindrical anomaly. The ratio of the apparent resistivity to the resistivity
of the host medium is plotted versus the center of the measurement electrode
array. The source and measurement electrodes (each have two) are moved in
unison with a common y position. The y offset between source electrodes 1is
0.2 a as is the y offset between the measurement electrodes. The source
electrode array is constrained at the position x. = 2.0 a. These results are

for 01/02 = 10.0.
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Figure 6c. The results shown concern line electrode probing about a
cylindrical anomaly. The ratio of the apparent resistivity to the resistivity
of the host medium is plotted versus the center of the measurement electrode
array. The source and measurement electrodes (each have two) are moved in
unison with a common y position. The y offset between source electrodes is
0.2 a as is the y offset between the measurement electrodes. The source

electrode array is constrained at the position Xg = 2.5 a. These results are
for u1/02 = 10.0.

21



R7A

Figure 7a. x_. = 1.5a, gl’o2 = 0.1

Figure 7a. The results shown concern line electrode probing about a
cylindrical anomaly. The ratio of the apparent resistivity to the resistivity
of the host medium is plotted versus the center of the measurement electrode
array. The source and measurement electrodes (each have two) are moved in
unison with a common y position. The y offset between source electrodes i$
0.2 a as is the y offset between the measurement electrodes. The source
electrode array is constrained at the position x¢ = 1.5 a. These results are

for 01/02 = (0.10. Note the close correspondence nf these results with those
of Fig. 4.
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Figure 7b. The results shown concern line electrode probing about a
cylindrical anomaly. The ratio of the apparent resistivity to the resistivity
of the host medium is plotted versus the center of the measurement electrode
array. The source and measurement electrodes {each have two) are moved in
unison with a common y position. The y offset between source electrodes is
0.2 a as is the y offset hetween the measurement electrodes. The source
electrode array is constrained at the position Xe = 2.0 a. These results are

for 01/02 = 0.10. Note the close correspondence of these results with those
of Fig. 4.
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Figure 7c. The results shown concern line electrode probing about a

cylindrical anomaly. The ratio of the apparent resistivity to the resistivity
of the host medium is plotted versus the center of the measurement electrode
array. The source and measurement electrodes (each have two) are moved in
unison with a common y position. The y offset between source electrodes is
0.2 a as is the y offset hetween the measurement electrodes. The source

electrode array is constrained at the position x. = 2.5 a. These results are
for 01/02 = 0.10.
of Fig. 4.

Note the close correspondence of these results with those
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